A systematic and concise exposition of the basic results concerning two complementary classes (tame and purely wild) of extensions of (Henselian) valued fields is given. These notions proved to be quite useful both for the general theory and for the model theory of such fields. Along with new results, new proofs of old results are presented. Thus, in the proof of the well-known Pank theorem on the existence of a complement to the ramification group in the absolute Galois group of a Henselian valued field, the properties of maximal immediate extensions are employed instead of cohomological methods.
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Let F be a field. By definition, a valuation ring of F is an arbitrary subring R of F such that, for each a ∈ F × = F \ {0}, we have either a ∈ R or a −1 ∈ R. Every valuation ring R is a local ring; i.e., it has a unique maximal ideal m(R). The quotient ring F R R/m(R) of R by the maximal ideal m(R) is called the residue field. The quotient group Γ R F × /U (R) of the multiplicative group F × of the field F by the multiplicative group U (R) of units (invertible elements) of R is called the valuation group. The group Γ R is equipped with the structure of an ordered group in which the cone of nonnegative elements is the image of the set R \ {0} in Γ R . We use the additive notation for the operation in Γ R .
The homomorphism v R : F × → Γ R = F × /U (R) is called the valuation (determined by the valuation ring R).
A pair F = F, R , where F is a field and R is a valuation ring of F , is called a valued field. If F = F, R , F 0 = F 0 , R 0 are valued fields, F ≤ F 0 , and R 0 ∩ F = R, then F 0 is called an extension of F (F ≤ F 0 ). If F ≤ F 0 , then the residue field F R is naturally identified with a subfield of the residue field F R 0 (F R ≤ F R 0 ), and the valuation group Γ R is naturally identified with a subgroup of Γ R 0 (Γ R ≤ Γ R 0 ).
A valued field F is said to be Henselian if, for every algebraic extension F 0 ≥ F , there exists a unique valuation ring R 0 in F 0 such that F 0 , R 0 ≥ F.
A valued field F = F, R is Henselian if and only if the following statement is valid.
Hensel lemma. Let f ∈ R[x] be a monic polynomial such that the imagef of f in F R [x] has a simple rootᾱ in F R . Then the polynomial f has a root α ∈ R such that α = α + m(R).
A valued field F is said to be algebraically complete if, for every finite extension F 0 ≥ F, equality occurs in the basic inequality: n = e · f .
We say that an arbitrary algebraic extension F 0 ≥ F is unramified (respectively, totally ramified) if, for every intermediate extension
In what follows, we fix a Henselian valued field F = F, R such that the residue field F R has characteristic p > 0.
A finite extension F 0 ≥ F is said to be tame if the following conditions are fulfilled:
An algebraic extension F 0 ≥ F is tame (see [3, 4] ) if, for every intermediate subexten-
For finite extensions, this follows directly from the relations
Corollary 2 (to the definition). If F is algebraically complete, the residue field F R is perfect, and the group Γ R is p-divisible (pΓ R = Γ R ), then every algebraic extension F 0 ≥ F is tame.
It is convenient to define the complementary notion of a purely wild extension not only for algebraic extensions. An extension F 0 ≥ F is said to be purely wild (see [3, 4] ) if F R 0 is a purely inseparable extension of F R and the quotient group Γ R 0 /Γ R is a p-group. Remark 1. Every immediate extension is purely wild. Remark 2. If F 0 ≥ F is a purely inseparable extension, then F 0 ≥ F is a purely wild extension.
Corollary 3 (to the definition). Let F 0 ≥ F 1 ≥ F be a tower of extensions. The extension F 0 ≥ F is purely wild if and only if the extensions F 0 ≥ F 1 and F 1 ≥ F are purely wild.
This fact can be proved in the same way as Corollary 1.
Corollary 4 (to the definition). An extension F 0 ≥ F is tame and purely wild if and
Indeed, such an extension F 0 ≥ F must be immediate. Since it is defectless, we see that F 0 = F.
Proof. Indeed, let F 0,s be the separable closure of F in F 0 , and let F 0,s F 0,s , R 0 ∩F 0,s . Then the extension F 0 ≥ F 0,s is tame and purely wild simultaneously (Corollary 1 and Remark 2). By Corollary 3, we have F 0 = F 0,s . Proposition 1. Let F ≥ F i ≥ F be extensions such that F 0 ≥ F is tame and F 0 ≥ F is purely wild. Then F 0 and F 1 are linearly disjoint over F (F 0 F F 1 ), and for F F 0 F 1 = F 0 ⊗ F F 1 and F F , R ∩ F the extension F ≥ F 0 is purely wild and F ≥ F 1 is tame.
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all conclusions of the proposition follow from the relations obtained.
and the multiplicativity of relative degrees of extensions and ramification indices shows that
Now, we prove that the quotient group Γ R 0 /Γ R 1 is a p-group. Suppose the contrary. Then there exists a prime number q = p and an element γ
The proposition is proved.
We shall prove that the field F 1 in Proposition 2 is unique. For this, we need more definitions.
We say that a finite extension
From this definition it is clear that every inertial extension is tame.
Proof. We start with a lemma interesting in its own right.
Essentially, this lemma was proved in the course of the proof of Proposition 2.
This implies the existence of a maximal inertial extension F 0,i ≥ F that is a subextension of F 0 . The fact that Γ R 0,i = Γ R follows from the definition of an inertial extension. Now, we prove that
The proposition is proved. We call the field F 0,i (F 0,i ) in Proposition 3 the inertial closure of F in F 0 . We recall the basics of the decomposition theory of normal valued field extensions (see [5, 6] ).
Let F 0 ≥ F be a normal extension of valued fields, and let
0,s is called the ramification field of the extension F 0 ≥ F. Now, we prove two technical statements needed in the sequel. Lemma 2. Let F 0 ≥ F be a finite normal extension. Then the ramification group G r is a p-group.
Proof. Passing from F to F G r 0 , we may assume that G r = G = G(F 0 /F ) and F 0 ≥ F is a Galois extension. Assuming that the ramification group G r is not a p-group, we can find a prime q = p and an element ϕ ∈ G r \ {e} such that ϕ q = id F 0 . We consider the field F 1 = F ϕ 0 = {a | a ∈ F 0 , ϕ(a) = a}. Then F 0 is a Galois extension of F ϕ 0 whose Galois group ϕ is cyclic of order q. We note that ϕ is also the ramification group of the extension
be the minimal polynomial of α over F 1 . Without loss of generality, we may assume that a 1 = 0 (otherwise, we can replace α by the element α α+q −1 a 1 , where q −1 a 1 ∈ R 1 ). Then the trace Tr(α) of α is equal to
and passing to the residue field F R 0 , we obtain
This contradiction proves the lemma. Proof. Passing from F 0 to the separable closure F 0,s of F in F 0 ([F 1 : F 0,s ] is a power of p !), we may assume that F 0 ≥ F is a finite Galois extension. We note that the condition
If p is the characteristic of F 0 , this is obvious. Suppose the characteristic of F 0 is zero and p > 2. Then
If p = 2, then the same argument shows that v R 0 (c 2 + d 2 ) = v R 0 (c 2 ). However,
This completes the proof of the lemma.
Now we prove a proposition that will imply the uniqueness of F 1 from Proposition 2 in the case where F 0 ≥ F is a (finite) normal extension. Proposition 4. Let F 0 ≥ F be a finite normal extension, and let F 1 be the maximal tame extension of F in F 0 . Then F 1 is the ramification field of the extension F 0 ≥ F. By Proposition 2, the extension F 0 ≥ F 1 is normal and purely wild. By Lemma 3, we have G(F 0 /F 1 ) ≤ G r , and the degree [F 0 : F 1 ] is a power of p. Since the extension F 1 ≥ F is tame, the field F 1 is a separable extension of F (see Corollary 4) . Then F 1 ≤ F 0,s , and we may assume that F 0,s = F 0 , i.e., that F 0 is a Galois extension of F . Let F 0,i be the
by the remark preceding the definition of the inertia field. Moreover, by Galois theory, G(F 0 /F 1 ) is a p-group. We note that, by Lemma 2, the ramification group G r is a p-group.
is the ramification field of the extension F 0 ≥ F 1 . The proposition is proved.
Corollary 8 (to the proof). [F 0 : F 1 ] is a power of p.
Proof. Indeed, let F 3 be the smallest Galois extension of F containing F (F is a finite separable extension of F !), and let F 3
Corollary 10. Let F 0 ≥ F be a finite extension, and let F 0 ≥ F 1 ≥ F be a tower of extensions such that F 1 ≥ F is tame and F 0 ≥ F 1 is purely wild. Then F 1 is the largest tame subextension of F in F 0 .
Corollary 11. a) If F 0 ≥ F is a finite purely wild extension, then
Proof. a) Let F 0 ≥ F be a purely wild extension, F 0 ≥ F 0 the smallest normal extension, and F 0,t the largest tame subextension of F in F 0 . Then F 0,t ∩ F 0 is a tame extension of F. Therefore, F 0,t ∩ F 0 = F , and [F 0
: F ] and [F 0 : F 1 ] are powers of p by part a). Hence, F 0 = F 1 .
for some k 0 and k 1 ∈ ω (by the definition of a wild extension); also, k 0 + k 1 ≤ K, f = f 1 · p k 0 , and e = e 1 · p k 0 . This implies the corollary.
From Proposition 2 and Corollary 9 we deduce the following statement. Theorem 1. For every algebraic extension F 0 ≥ F, there exists a maximal tame subextension F 0 ≥ F 0,t ≥ F such that F 0 ≥ F 0,t is purely wild.
Proof. Let F 0,t be the union of all finite extensions F 1 ≥ F such that F 0 ≥ F 1 and
Then F 0,t = F 0,t , R 0 ∩ F 0,t is the largest tame subextension of F in F 0 . We prove that the extension F 0 ≥ F 0,t is purely wild. Let α ∈ F 0 , and let F = F (α), R 0 ∩ F (α) . If F t is the largest tame subextension of F in F , then F t = F 0,t ∩ F and F t ≤ F 0,t . By Proposition 2, the extension F ≥ F t is purely wild.
Thus, F R 0 is purely inseparable over F R 0,n , and the quotient group Γ R 0 /Γ R 0,t is a p-group; i.e., the extension F 0 ≥ F 0,t is purely wild.
The theorem is proved.
The maximal tame subextension F 0,t ≥ F of an algebraic extension F 0 ≥ F is called the tame closure of F in F 0 . For the tame closure we use the notation F 0,t ((F 0 ) t would be more proper); for F ≥ F we use F t , etc.
Corollary 13. Let F 0 ≥ F be an algebraic extension and F 0,t ≥ F the tame closure of F in F 0 . Then, for every intermediate valued field
We say that an algebraic extension F 0 ≥ F is split if there is a subextension F 0 ≥ F w ≥ F such that the extension F w ≥ F is purely wild and F 0 ≥ F w is tame.
The following theorem of Pank (see [3] ) on splitting of the algebraic closure is of great importance. Theorem 2. LetF ≥ F, and letF be the algebraic closure of F . Then, for every maximal purely wild extension F w ≥ F inF, the extensionF ≥ F w is tame.
Proof. It can easily be checked that, for a valued field F w (as in the theorem), the field F R w is perfect (actually, F R w = F p −ω R is the smallest perfect field containing F R ) and the group Γ R w is p-divisible (pΓ R w = Γ R w ) (actually, Γ R w is the smallest p-divisible group containing Γ R ). Indeed, if β ∈ FR \ F R w and β p ∈ F R w , then there is b ∈ R w such that β p = b + m(R), and so F w (b p−1 ) is a purely wild extension of F. We act in the same way in the case where the group Γ R w is not p-divisible (but ΓR is p-divisible !). Similarly, we check that the field F w is perfect.
Let F ≥ F w be a maximal intermediate extension (which exists by Proposition 1.5.7 in [1] ). By Proposition 1.5.10 in [1] , the field F is algebraically complete,
Since F w is algebraically closed in F (this follows from the fact that F w is maximal) and F w is perfect, we see that F is a regular extension of F w and therefore,
is the minimal polynomial ofᾱ over F R (and over F R w ). By the Hensel lemma, there exists a root α of f in R 0 such thatᾱ = α + m(R 0 ). Then the extension
The theorem is proved. Now, we prove a splitting criterion for a normal extension F 0 ≥ F in terms of Galois groups.
, where G r = Ker π is the ramification group of the extension F 0 ≥ F (such a subgroup G is called the complement to G r ).
Proof. We assume that the extension F 0 ≥ F is split and F 0 ≥ F ≥ F is a tower of extensions such that the extension F ≥ F is purely wild and F 0 ≥ F is tame. Let F 0,t be the tame closure of F in F 0 . We prove that
Conversely, suppose that the epimorphism π :
and put F F , R 0 ∩ F ; we prove that F ≥ F is a wild extension. Since F 0,t = F G r 0,s and G r G = G(F 0 /F ), we obtain F ∩ F 0,t = F , and, by Corollary 13, the extension F ≥ F is purely wild. By Proposition 1, the extension F 0 (= F 0 F , R 0 ∩ F 0 F ) ≥ F is tame. It remains to note that F 0 F = F 0 , which follows directly from the condition G r ∩ G = {e}.
The statement below follows from Theorem 2 and Proposition 5.
Theorem 3 (Theorem 2.2 in [3] ). The absolute ramification group G r (= the ramification group of the extensionF ≥ F) has a complement in G(F ) = G(F /F ) (the epimorphism π :
The next statement says that, for every finite normal extension F 0 ≥ F, there exists a "not very large" tame extension such that the extension F 0 ≥ F is split (F 0 F F 0 ). Proposition 6. Let F 0 ≥ F be a finite normal extension. Then there is a finite tame Galois extension F ≥ F such that, for F 0 F 0 F and F 0 F 0 ,R ∩ F 0 , the following conditions are fulfilled:
and G r is the ramification group of the normal extension F 0 ≥ F, then G is a complement to G r in G 0 ;
3) there exists an embedding η : G → G(F 0 /F ) such that the composition πη : G → G(F 0,t /F ) coincides with the restriction to G of the composition of the epimorphism π : G 0 G(F 0,t /F ) (with kernel G r ) and the restriction epimorphism G(F 0,t /F ) G(F 0,t /F ).
Proof. Let (F ≥)F w ≥ F be as in Theorem 2. Let F F 0 F w , let F w = F w ,R∩F w , and let F be the tame closure of F in F w . The proof of Theorem 2 shows that F w = F ⊗ F F w , and G G(F /F ) G(F w /F w ) is identified (via the embedding η !) with a subgroup of G(F 0 /F ). It is easily seen that F 0 = F ⊗ F 0,t F 0 , and therefore, F 0 ≥ F is a wild extension and F 0,t = F .
We omit the routine proof of statements 2) and 3).
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In conclusion, we present yet another statement on splitting.
Proposition 7. Let F 0 ≥ F be a finite extension. Then there exists a finite purely wild extension F ≥ F such that, for F 0 F F 0 and F 0 = F 0 ,R ∩ F 0 , the extension F 0 ≥ F is tame (and therefore, the extension F 0 ≥ F is split).
Proof. Let (F ≥)F w ≥ F be as in Theorem 2, let F w F 0 F w , and let F w F w ,R∩F w . Then F w ≥ F w is a split tame extension. If F = F ,R ∩ F is the tame closure of F in F w , then F w = F ⊗ F F w . However, F w = F 0 F w . Therefore, there exists a finite extension F ≥ F in F w such that F 0 ≤ F ⊗ F F . It is easily seen that F = F ,R ∩ F ≥ F is the required extension.
The results presented in this paper show that the classes of tame and purely wild extensions of (Henselian) valued fields play the same role as the classes of separable and purely inseparable extensions for arbitrary fields. Furthermore, for improper valued fields F, F these classes coincide.
For (Henselian) valued fields, there is yet another pair of classes of extensions with the same behavior, namely, the inertial extensions and the extensions F 0 ≥ F such that F R 0 is inseparable over F. For this pair of classes of extensions, analogs of all results of the present paper are valid. In particular, we have the following version of Theorem 3.
Theorem 3 . The inertia group G i of the absolute Galois group G(F ) of the Henselian valued field F has a complement in G(F ) (or equivalently, the epimorphism ε : G(F ) G(F R ) is split).
For the first time, this theorem appeared in the paper [7] . The book [1] contains a proof of this result (see Proposition 1.5.11) known to the author since 1965. Unfortunately, an uncritical view of that proof (maximal intermediate extensions were involved in the arguments) has led to a more general formulation of Proposition 1.5.11, which (in this generality) turned out to be wrong (at the conference in Oberwolfach (Germany) in 2003, I. B. Fesenko and M. V. Bondarko called the author's attention to this fact).
